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Abstract
The strong impact of wildfires in terms of lives and homes lost and of damage to ecosystems, calls
for  an  urgent  improvement  in  the  risk  management.  The  aim  of  the  present  research  is  the
improvement of these software codes by proposing a complete physical characterization of fire-
spotting within an approach that is ready to be implemented as a post-processing routine of standard
outputs.  The main feature of the proposed method is that the effects of random fluctuations are
included in a way that preserves the existing structure of the operational and industrial codes and
can be implemented directly. The operational code WRF-SFIRE have been used to test the proposed
post-processing routine. Results show the suitability of the approach for simulating random effects
due to turbulent convection and fire-spotting, which are cases not resolved by standard operational
codes. Results of simulations including response analysis with test cases are shown and discussed.
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1. Introduction
Propagation of a wildfire is a multiscale phenomenon involving processes from the
scale of the combustion chemistry to the fire-atmosphere coupling including effects due to
the flame geometry [1, 2]. One of the key aspects of fire propagation is the so-called fire-
spotting [3]. It occurs when burning embers tear off from the main fuel source and cause
new independent ignitions. It accelerates significantly the fire spread causing dangerous
consequences and increasing the damage. Moreover, the fire-spotting is a challenging issue
in wildfire science due to its unpredictable nature. 
Here  we  study  the  role  for  the  emergence  of  fire-spotting  phenomena  and  the
ignition of secondary fires of both a macro-scale factor as the atmospheric stability, and of
a meso-scale factor as the flame length. 
Because  of  the  interactions  among  scales,  we  follow  a  concurrent  multiscale
modelling that means estimating parameters related to aspects occurring in a very large
range of scales and implementing them into the model for the macroscopic fire perimeter,
see Figure 1.
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Figure 1 – Multiscale modelling of wildland fires
The adopted modelling approach [4, 5] is based on the idea to split the motion of
the front into a drifting part and a fluctuating part. The drifting part represents the main
front motion as a free boundary problem. Thus, it can be treated by any existing method,
for instance, based on the level-set method (LSM) [6] in analogy with WRF-SFIRE model
[7]. The fluctuating part, that is the result of a comprehensive statistical description of the
physics of the system and includes the random effects, is here physically parametrized to
include turbulent hot-air transport and firebrand landing distance.
The  rest  of  the  text  is  organized  as  follows.  In  Section  2  we  propose  a
parametrization of the firebrand-landing distribution including macro-scale and meso-scale
parameters. In Section 3 the model is proposed and in Section 4 we show few scenarios
obtained by the implementation of the proposed model into the operational code WRF-
SFIRE. In Section 5 the response analysis is performed by using the LSM. Conclusions are
given in Section 6.
2. Firebrand landing distribution
2.1. Lognormal probability density
Fire-spotting can be introduced into operational codes as a post-processing routine.
Fire-spotting  can  be  describes  via  the  firebrand  landing  distribution  ,  that  is  here
assumed to be lognormal distributed following [8, 9],
 (1)
where µ is the ratio between the square of the mean of landing distance  and its standard
deviation  σ.  The  parametrisation  stated  in  [10]  is  based  on  the  assumption  that  each
firebrand is spherical with constant size. Following [10], the lognormal parameters µ and σ
in (1) result to be
(2)
where   is  the  wind speed and   is  the  maximum loftable  height  of  firebrands,  g  is
gravitational acceleration, ρ is the ambient air mass density,  and are the density and the
radius of the firebrand. The dimensionless ratio
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 (3)
known as the  Froude number  is a measure of the balance between the inertial  and the
gravitational forces experienced by the burning ember. In terms of the Froude number the
standard deviation σ can be written as follows
. (4)
In the following we parametrize firebrand landing distribution (1)-(2) taking into
account atmospheric stability conditions and the flame characteristics. 
2.2. Macro-scale parametrs
At the macroscopic scale,  fire-spotting is affected by atmospheric  conditions.  In
particular, we plug the depth of the atmospheric boundary layer (ABL), that is related to the
atmospheric stability, into the estimation of the smoke-injection height including the uplift
against the atmospheric stratification and the plume widening due to entrainment of the
surrounding air [11]. Later, we estimate the firebrand-injection height as an approximated
lift for inertial particles flowing into the fire plume.
We assume that firebrands lofted by a smoke column are similar to inertial particles
moving into a fluid, thus it is found that the maximum loftable height is a fraction of the
smoke height  H∗,  i.e.,  the maximum height reached by a smoke particle,  here we use  
. According to [11],  H∗ is defined as follows
(5)
where N2  is the Brünt-Väsäla frequency, sub-index FT means free troposphere, HABL is the
height of ABL. Note that, according to [11], the parameters are chosen as follows: α < 1, β
> 0, ζ < 0.5 and δ ≥ 0.
Atmospheric  conditions  affect  both  the  firebrand  landing  distribution  and  the
turbulent diffusion coefficient , that is estimated by the following formula [5]
  (6)
where  χ  is the thermal diffusivity of the air at ambient temperature,  Ra  is the Rayleigh
number,  is the thermal expansion coefficient, ∆T is the temperature difference between
the bottom and the top of the convective cell, and the vertical dimension of the convection
cell is  HABL,  ν is the kinematic viscosity. Parameter   is the exponent of the power law
relating the Nusselt number  Nu  and the Rayleigh number  Ra,  i.e.,  [12,
13]. Previous experimental results suggested  instead of , see [14]. 
2.3. Meso-scale parameters
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Let us consider the geometrical model of the flame, as it is presented in Figure 2. It
is  natural  that  the  flame  characteristics  are  strongly affected  by the wind and the  fire
intensity. Moreover, it can be easily found that the flame length and the flame height 
are connected by the following trigonometric relation
(7)
where θ is the flame angle, or flame tilt. Thus, in the no-wind case, , since .
Figure 2: Flame geometry in real wildland fire.
The flame height is leaded by the buoyancy and by the mean wind.  Adopting the
formula proposed in [15], one gets 
(8)
where cp is the specific heat of fuel,  is the fireline intensity and the ambient temperature is
denoted by Ta.
Inserting (8) into (7), the flame length can be derived in term of the fireline intensity
as follows
 (9)
In  order  to  take  into  consideration  the  flame  length  (9),  the  maximum  travel
distance for a spherical firebrand used in (1) is written in the following form [16]:
, (10)
where  is a correction factor. Note that the angle of flame can be estimated by an
empirical correlation .
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According to [5], the landing distance can be represented by the pth percentile of the
lognormal distribution, such that
(11)
The value that corresponds to this  pth  percentile can be defined in terms of κ - the
ratio  between  the  maximum  and  minimum  travel  distance  and  the  Froude  number  as
follows:
 (12)
Thus, from (10) and (11) one gets
, (13)
where   is a correcting factor from [16], and the flame length  is defined by
general formula (9).
3. Model description
The motion of wildfire front can be split into a drifting part and a fluctuating part.
After the splitting, the drifting part can be treated by any existing operational code such as
WRF-SFIRE [7]. The fluctuating part, that is independent of the drifting part, describes the
effects of turbulence and fire-spotting as random phenomena and they are implemented
into the model through a post-processing routine [4, 5]. Here we provide a short description
of this model.
For a given computational domain S the fire front contour is represented by a closed
curve . The region bounded by  is denoted by  and represents the burnt area at time 
. Let us introduce an indicator function 
(14)
In order to treat the fluctuating part of the front motions, the following method is
used. The random front contour caused by the turbulence and fire-spotting phenomena, can
be defined by the effective indicator function [4]:
 (15)
where  is the probability density function (PDF) that accounts for turbulence and
fire-spotting effects. Note that the point is labelled as burnt, if  exceeds a threshold
value .
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Denoting by ω the angle between the wind direction and the vector from some point
of  the  computational  domain  to  the  point  where  the  PDF  is  computed,  the  minimum
acceptable for fire-spotting angle ω0 has to be established as follows
, (16)
where  is the ratio between the maximum and minimum travel distance of a firebrand. 
Taking into account  (16) and assuming that  the downwind phenomenon of fire-
spotting  is  given  by the  turbulence  and fire-spotting,  the  random process  handled  by  
 in (15) is defined as follows
(17)
where  is a lognormal distribution (1) with parameters µ and σω, given in (2) and (4), 
and cosω0 is defined by (16).
As it is mentioned above, the point is marked as burned if the effective indicator
exceeds the threshold value   . However, there exists an additional criterion associated
with  an  ignition  delay  due  to  pre-heating  action  of  the  hot  air  or  to  the  landing  of
firebrands. This delay is considered as a heating-beforeburning mechanism due to the hot
air [17, 18] and it can be generalized to include fire-spotting [4]. Since the fuel can burn
because of two pathways - hot-air heating and firebrand landing, the resistance analogy
suggests that the resulting ignition delay can be approximatively computed as resistances
acting in parallel. Let  and  be the ignition delay due to hot air and firebrands landing,
respectively, the joint ignition delay  is
 (18)
The heating-before-burning mechanism is depicted as the persistence in time of the
effective fire front, i.e.,
, (19)
where corresponds to the unburned initial condition, and ignition at the point 
at the moment  occurs, if .
4. Implementation into WRF-SFIRE
In order to make the presented model useful for the point of view of the practition-
ers, it is strongly advised its implementation into full fledged operational codes. Equations
(14) – (19) have been implemented in the framework of WRF-SFIRE simulator [19, 20]. 
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We recall that the wildland fire behavior module WRF-SFIRE is fully integrated
into a well known public domain numerical weather prediction model Weather Research
and Forecasting (WRF) [21]. The fire module is a surface fire behaviour model that adopts
a two-way coupling with the atmospheric model. That is, near-surface winds from the at-
mospheric model are interpolated to a finer fire grid and are used, with fuel properties and
local terrain gradients, to determine the fire’s spread rate and direction used for the front
propagation routines by the means of the LSM.  Fuel consumption, in turn, releases sens-
ible and latent heat fluxes into the atmospheric model’s lowest layers, playing a role in
boundary layer circulations.  Recently, the model has been coupled with a fuel-moisture
model, and chemical transport of emissions (WRF Chem) that contribute more and more to
the  close  binding  between  forest  fires  and  atmospheric  observables.  The  interactions
between different modules of the WRF model are shown in Figure 3.
Figure 3:WRF model
Simulations with WRF-SFIRE including the proposed post-processing routine for
fire-spotting are shown in Figures 4-6 for two scenarios, namely   s and   s
Panel (a) displays the parameter σ that varies in space and time because of the wind field,
(b) and (c) the horizontal and vertical components of the wind, respectively, (d) the squared
norm of the wind velocity. In the first scenario no spotting is observed after 28 minutes
since the ignition from the straight line at the right of the fire perimeter (Figure 4). In the
second scenario, no fire-spotting is observed after 28 minutes since the ignition (Figure 5),
but  after  34  minutes  secondary  fires  due  to  fire-spotting  appear  in  the  top-left  corner
(Figure 6). 
a)                                          b)                                           c)                                         d)
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Figure 4: (a) Fire-spotting parameter σ, (b) horizontal wind, (c) vertical wind, (d) squared norm
of the wind velocity.  The dashed line is the front position at 34 minutes since the ignition with  s.
a)                                          b)                                           c)                                         d)
Figure 5: (a) Fire-spotting parameter σ, (b) horizontal wind, (c) vertical wind, (d) squared norm
of the wind velocity.  The dashed line is the front position at 28 minutes since the ignition with  s.
a)                                          b)                                           c)                                         d)
Figure 6: (a) Fire-spotting parameter σ, (b) horizontal wind, (c) vertical wind, (d) squared norm
of the wind velocity.  The dashed line is the front position at 34 minutes since the ignition with  s.
5. Response analysis
In  this  section,  we  show  the  effects  of  the  macro-  and  meso-scale  parameters
described above by simulations done performed with the LSM that is at the basis of WRF-
SFIRE. All the factors and parameters, except those that are to be studied, are fixed. We set
a wind speed , that corresponds to the average wind speed in Madrid during
2017 (https://www.worldweatheronline.com/madridweather-averages/madrid/es.aspx),  and
fire intensity  . The changes in the values of  HABL  are reflected into the
changes of the values of the maximum travel distance of firebrands as well as into
the values of the turbulent diffusion coefficient , see Table 1. From (6) we have that the
turbulent  diffusion  coefficient  depends  on  HABL  with  the  third  power  and  the  resulting
changes affects strongly the propagation of the fire with an important effect on the merging
of the secondary fires generated by the fire-spotting.  In fact,  during stable conditions a
larger number of fires with respect to unstable conditions is observed but at the same time a
lower  burned area  is  computed,  showing that  in  unstable  conditions  the  turbulent  heat
transport is stronger with the double effects of a faster fire propagation and a more efficient
merging.
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Table 1. Effects of atmospheric stability on the fire-spotting parameters.
Case 1: Stable Case 2: Unstable
100 200 400 800 1000 1200 2000
] 4.0325 4.3879 5.0985 6.5198 7.2304 7.9411 10.7836
0.0533 0.0995 0.1858 0.3467 0.4238 0.4993 0.7908
Figure 7 shows the total number of burned points at different times for different
atmospheric conditions. What is evident from the simulations is that, after an initial period
of quiescence with no visible contributions, the burned area rapidly increases as a power
law. This power law seems to hold at stable atmospheric conditions, but the quiescence
period ends first in unstable conditions such that the burned area during unstable conditions
is always larger than during stable conditions.
Figure  7:  A comparison of  the  burned area  in  different  time moments  in  stable  (black)  and
unstable (red) atmospheric boundary conditions for various .
In  order  to  check  if  the  rapid  increasing  of  the  burned  area  is  mainly  due  to
turbulence  or  fire-spotting  we  performed  a  series  of  simulations  with  fixed  diffusion
coefficient  ,  i.e.,  independent  of  the  atmospheric  conditions.  The  results  for  stable  (
) and unstable ( ) atmospheric conditions are shown in Figure
8.  All  the  parameters  are  set  equal  to  the  previous  simulations,  but  with  fixed  
. Note that this fixed value of  is less than any other value followed
by the dependency on the . Fire front propagates in the same way in both atmospheric
conditions,  displaying  an  equal  number  of  secondary  fires  and equal  burned area  (see
Figure 8). Thus, the atmospheric conditions affect the propagation of wildfires through the
heat turbulent transfer. In particular, during unstable conditions we observe that turbulence
pushes the front resulting into a faster propagation causing an increasing of the burned area
and a more rapid merging of independent fires such that during unstable conditions the
number of independent fires is less than during stable conditions in spite of the fact that the
burned area is larger.
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Figure 8: A comparison of the total burning area in time in stable (black) and unstable (red)
atmospheric boundary conditions in simulations with fixed diffusion coefficient 
Now, let  us study the impact  of meso-scale factors,  such as flame geometry. In
formulation of the flame length  , that in the case   can be written in
form (9), empirical values of  proposed by various authors are given in Table 2. We set
the diffusion coefficient , that corresponds to .
Table 2. Empirical parameters β0 and corresponding values of .
References    σ
Fons, 1963 0.1270 5.846
Anderson et al. (Douglas-fir slash), 1966 0.0447 6.191
Wang, 2011 0.0264 6.415
Butler, 2004 0.0175 6.615
The flame length does not affect to  µ,  thus,   is defined for the set of
parameters independently of the chosen formulation of the flame length. Different values
of  σ  that  correspond to  various  empirical  values    are  collected  in  Table  2  as  well.
Decreasing factor   leads to increasing value of the standard deviation σ. In fact, smaller
flames produce smaller firebrands, i.e. the short-distance spotting takes place with further
merging and propagating as a joint fire front. However, fire propagation with higher flames
is characterised by the long-distance spotting that occurs later, but there is no merging of
secondary fires.
Smaller flame length leads to the short-distance spotting, usually, merging of spot-
fires. It occurs in real life in many types of fuel and at any fire intensity. These spot-fires
may generate new fire-spotting, that results in a very fast-moving flaming zone (see Figure
9, the solid line represents the burning area growth in the case of  , when the
fire-spotting occurs.
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Figure 9: Burning area with respect to time for various β0 in flame length formulation.
6. Conclusion
The  proposed  fire-spotting  model  is  based  on  the  firebrand  landing  lognormal
distribution with two parameters µ and σ. The response analysis to the parameters has been
performed  by  using  the  LSM  for  test  cases.  Parameter  µ  is  mainly  related  to  the
atmospheric  stability  conditions  taking into account  factors  as  wind speed,  ambient  air
temperature  and  fire  intensity.  These  ambient  parameters  affect  slightly  the  firebrand
landing distribution, but are found to be significant for effect of turbulent heat transfer on
the  fire-front  propagation.  Parameter  σ  takes  into  account  the  flame  geometry  and the
surround vegetation. It is shown that small flames provoke short-distance fire-spotting, that
leads to the soon merging with the main fire front. Large flames provoke long-distance
spotting. Thus, in such case the risk and damage increase due to the acceleration of the fire
spread. The vegetation feeds the fire and it affects the fire intensity and, consequently, the
flame length. 
Furthermore,  the propose  parametrization  of  fire-spotting  has  been implemented
into the operational  code WRF-SFIRE and simulations  in these realistic  scenarios have
been performed. 
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